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Phase diagram of a dusty plasma
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We show that dipole-dipole interactions induced by gravitational force and possibly ion-stream drag force
give rise to stable triangular and oriented cubic crystalline structures recently observed in a dusty plasma, as
opposed to only unoriented cubic close-packed structures usually expected of Wigner crystals. In certain cases
the dipole interaction may flatten the crystal significantly. We calculate the phase diagrams of the crystals and
analyze and explain some of their features.@S1063-651X~97!09305-7#

PACS number~s!: 52.25.Vy
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INTRODUCTION

Wigner crystallization of particles that repel each oth
has recently attracted the attention of both theoreticians
experimentalists. It differs significantly from the usual cry
tallization caused by a force that has both attractive and
pulsive ~‘‘hard-core’’! components and hence provides
inherent scale that practically fixes the lattice spacing and
density of the crystal. In Wigner crystals density can va
Recently, Wigner-type stable crystalline structures of d
particles in a plasma have been experimentally obser
@1–6#. This opens the way for the study of the dynamic
properties of crystals and their melting at the mesosco
level using simple optical microscopy. These structures o
their surprising stability in the highly volatile plasma env
ronment to the very effective charging of the dust particl
such that Coulomb interactions between the particles ar
the so-called strong-coupling regime, where they domin
over the thermal motion of the particles. This phenomen
was predicted by@7#.

The observed crystalline structures have two unexpe
features: ~i! the breaking of three-dimensional rotation
symmetry and~ii ! a preponderance of triangular structur
Specifically, a vertically aligned hexagonal lattice, which
far from being close packed, was observed in all thr
dimensional samples together with triangular hexagon
close-packed~hcp! andorientedcubic-close-packed fcc an
bcc lattices with a distinguished vertical direction@1,5,6#. In
contrast, it is well known that three-dimensional Wign
crystals with screened or unscreened Coulomb interact
have only two stable solid phases: an unoriented clo
packed fcc and a bcc@8#.

Gravity is an obvious source of the asymmetry. Anoth
possible source is the drag force exerted on the dust part
by the ion stream in the plasma@9#. Recent Monte Carlo
simulations of limit-size@10# and two-layer@11# systems that
took into account the effects of gravity and ion stream de
onstrated that dust particles indeed could crystallize in
vertical direction. A natural next step of these investigatio
is to have a detailed study of the crystalline structure, wh
is impractical for Monte Carlo simulation due to severe n
merical limitations.

In this paper we report on a theoretical study of the ph
diagram of plasma crystals. As a practical computatio
551063-651X/97/55~6!/7805~4!/$10.00
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method we choose to incorporate the actions of themicro-
scopicgravitational and drag forces by an effective dipo
dipole interaction that modifies the dominant monopo
monopole interaction that acts among dust particles pla
on a lattice and focus on the system’smacroscopicphase
structure. We show that, under conditions that appear to
consistent with the experiments, a dipole-dipole interact
as weak as that which may be induced by gravity alone
ready plays a decisive role in the phase diagram. At fi
sight it may seem surprising that gravity could have such
effect on a structure mainly dictated by electromagnetis
This turns out to be the combined effect of several caus
the size of the mesoscopic dust particles is just about r
for gravity to begin to compete with electromagnetism; ne
stability the energy difference between different crys
structures typically is just a minute fraction of the potent
energy; Debye screening enhances the effect of the dip
dipole interaction. The demand for accuracy is reflected
the size of the lattice used in the computation, which is ty
cally (30/a)3, wherea is the lattice spacing in units of th
Debye length.

The rotational invariance breaking dipole-dipole intera
tion is induced by the drag force as well as by gravity, b
owing to large theoretical and experimental uncertainties
is not clear which~or if any! one of them is the dominan
agent. At the end of this paper we propose an experimen
discriminate between the two possibilities.

CHARGING OF DUST PARTICLES
AND DEBYE SCREENING

The basic force between~the dust! particles is screened
Coulomb repulsion. An order of magnitude estimate of t
charge carried by a particle isQ5CDf'4pe0r PDf, where
C is the capacitance of basically a sphere of radiusr P . The
potential differenceDf between the surface of the partic
and the plasma is obtained@12# by equating the thermal elec
tron and ion currents toward the dust particle. This meth
was found to be not very accurate in experiment@4# and
might underestimate the charge. More accurate estimates
be made by solving Poisson-Vlasov equations under cer
assumptions@13# or may be obtained from independent e
periments@4#.

At distances large enough compared to particles sizer P ,
7805 © 1997 The American Physical Society
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7806 55BRIEF REPORTS
the Coulomb force in the plasma is effectively screen
to become a Yukawa potential whose range is given
the Debye length l, with l215@(e2/4pe0)(ne /kTe
1ni /kTi)]

1/2'(nie
2/4pe0kTi)

1/2. This estimate can be im
proved@13#. Experimentally@1,4,3,2# r P varies from a frac-
tion of a micrometer to several tens of micrometers;Q is
estimated or measured to be about 1032105 electron
charges;Te is a few eV;Ti is essentially room temperature
ne'ni , sensitive to the rf power, are of order 109–1010

cm23. The important fact is that in all plasma crystal expe
ments the interparticle distanceā[nP

21/3, with the particle
densitynP being of order 1042105 cm23, is a few tens to
hundreds of micrometers and is larger thanl. We will as-
sume that the particles reach thermal equilibrium with
ions and neutral atoms at room temperature@14# and ignore
the fact that at very large distances the potential may de
even faster than the Yukawa potential.

We will usel as the unit of length andQ2/4pe0l as the
unit of energy. In these units the screened~Yukawa! poten-
tial is V(r )5exp(2r)/r and a[ā/l is a number varying
from about 2 to 10. The dusty plasma therefore resembl
hard-sphere system or a metal more than it resembles a
sical Coulomb system.

INDUCED DIPOLE-DIPOLE INTERACTION

Consider a particle suspended in the bulk of the cry
away from the vertical walls of the containing vessel.
suspension implies the presence of an approximately c
stant electric fieldE balancing the gravity force:

Mg1Fdrag5QE, ~1!

whereM5(4p/3)r P
3r is the mass of a spherical particle wi

density r. The combined electric, gravitational, and dr
forces will keep the center of gravity of the particle at re
but the electric field will still induce an electric-dipole mo
ment on the charge distribution on the particle@15#. A simple
approximation for the polarizabilityP'4pe0r P

3 yields a di-
pole momentd'4pe0r P

3E. In the caseFdrag50, the ratio of
the strength of the dipole-dipole interaction to the monop
Yukawa interaction is

D5~d/Ql!2'~4pr P
6rge/3Q2!2~4pe0ne /kTi ![VDne .

~2!

Here the volumeVD is defined to highlight the dependenc
of D on ne . This rough estimate brings out an importa
point: D grows very rapidly, certainly faster thanQ does,
with increasingr P . The drag force is difficult to estimat
quantitatively@9,10#. In what follows we will not discuss it
explicitly except to point out that the effect of its presence
to increase the value ofD. The set of valuesne5109

cm23, r P55 mm, r53 g cm23, Q51000, andkTi5300
K yields D50.0042. Typical experimental values@1,4,3,2#
are such thatD ranges from less than 0.001 to a few tim
0.1. It will be shown that the phases of the dusty plasma
effected whenD is as small as 0.001 and that triangul
phases begin to occur within theD;0.02–0.1 range. The
mesoscopic size ofr P'5 mm seems to be just right for th
interface of gravity with electromagnetism to be interestin
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The dipoles influence the crystal properties via inter
tions of dipole-monopole and dipole-dipole type. In a regi
where the charge and dipole moment carried by the parti
are uniform the monopole-dipole interactions cancel exac
We shall assume this to be the case and also ignore fin
size effects. Then the major effect on the crystal struct
produced by dipoles is the screened dipole-dipole interac
U(rW)52D]2/]z2V(r ), which, together with the monopole
monopole Yukawa interaction, is

v~rW !5V~r !1U~rW !

5@12D$z2/r 21~2z22u2!~1/r 311/r 4!%#e2r /r , ~3!

whereu2[r 22z25x21y2. By examiningU one sees that it
is attractive between two nearest neighbors in thez direction
and repulsive in thex-y plane. Forr.1, which is true when
the interparticle distance is greater than the Debye length
leading terms, those with 1/r 2 and 1/r 3 dependences, com
from screening. That is, the effect of the dipole-dipole int
action is enhanced by screening.

LATTICES

In the absence of dipole interactions, that is, wh
D50, ~the energy of! the crystal is invariant under three
dimensional~3D! rotations and one needs to consider on
four type of lattices: the cubic fcc~hereafter denoted by
F), the cubic bccB, the triangular hcp, and the 2D hexag
nal. WhenDÞ0, the lattices are deformed so that a recla
sification is needed. For the deformedB andF we define two
types of orthorhombic lattices:R2, composed of two rectan
gular sublattices whose coordinates for the lattice sites
units of the spacingax are (x,y,z)5( l ,m/gi ,k/g') and
(x8,y8,z8)5@ l11/2,(m11/2)/gi ,(k11/2)/g'#; and Rh2,
composed of two ‘‘diamond’’ sublattices with coordinate
(x,y,z)5( l1m/2,m/2gi ,k/g') and (x8,y8,z8)5@ l1m/2
11/2,m/2gi ,(k11/2)/g']; gi andg' are aspect ratios in the
x-y plane and thez direction, respectively, andl ,m,k are
integers. TheR2 lattice with (gi ,g')5(1,1),(1,1/A2),
(1/A2,1) corresponds toB100 @i.e., bcc~100!#, F100, and
F110, respectively, and the Rh2 lattice with
(gi ,g')5(1,1/A2),(1/A2,1/A2),(1,1) corresponds to
B100,B110, andF100, respectively. We call the deforme
triangular 2D hexagonal, hcp, andF111 latticesT1, T2, and
T3, respectively. The general trend of the effect of the dip
interaction on shape is to flatten the lattice in thez direction
and, in the case ofR2 andRh2, elongate it in they direc-
tion; the triangles, which for symmetry reasons always lie
the x-y plane, are extremely robust against deformation.
what follows, we useR2 andRh2 specifically to indicate
significantly deformedF110 andB110, respectively. For no
tational simplicity, we refer to the aspect ratio~s! of a lattice
~collectively! asg.

METHOD OF CALCULATION OF THE PHASE DIAGRAM

In the calculation of the ground-state energy the followi
lattice sums are needed:

e[ (
mÞ0

v~RW m!, Sx[ (
mÞ0

]2/]x2v~RW m!,
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Sz[ (
mÞ0

]2/]z2v~RW m!, ~4!

wherem denotes a lattice site andRW m is its position relative
to the originRW 050. SinceRW m depends on the aspect rati
these quantities are implicit functions ofg. At zero tempera-
ture the ground-state energy per particle is juste(g).

At finite temperatures we use the mean-field approxim
tion and the Lindemann criterion. The criterion expresses
critical value for the root-mean-squared deviation of a p
ticle from its stable lattice site as@^(Dx)2&C#1/25cLa. For
Yukawa crystals, molecular-dynamics simulations yield
essentiallya-independent value ofcL50.1620.19 for the
melting curve~in the rangea;1–10! @16–19#. For DÞ0,
molecular-dynamics simulations would also be a be
method than mean-field theory for an accurate determina
of the melting curve. However, a judicious application of t
Lindemann criterion for melting suffices for our purpo
since one does not expect the small dipole effect to sign
cantly change the melting line.

For any crystal structure, one expects mean-field the
which misses out on some soft modes, to yield a sma
effective value for the Lindemann coefficient for a simil
melting phenomenon@20#. Using the Einstein approxima
tion, we reproduce the melting curve of molecular-dynam
simulations atD50 with the valuecL

eff50.054. This is the
value we use for the Lindemann coefficient throughout.

In the Einstein approximation@21,20#, the mean-field po-
tential energy at a pointrW near the lattice siteRW 050 is

^e~rW !&5 (
mÞ0

^v~RW m2rW !&

5e1~1/2!@~2jx
21u2!Sx1~jz

21z2!Sz#, ~5!

where ^O(rW)&5*) i51
3 @dxi8(2p)21/2j i

21exp(2x8i
2/

2j i
2)]O(rW2rW8) and we have taken the thermal fluctuatio

lengthsjx5jy for simplicity. The same distribution function
yields jx

2Sx5jz
2Sz5T. The free energy per particle for

given aspect ratiog is

F5TlnS E d3r exp@2b^e~rW !&# D21/2̂ e~0!&

5~1/2!~e13T/2!1~T/2!ln$@~2p!3T3#/Sx
2Sz% ~6!

In actual computations, the value~s! of g is ~are! determined
numerically by minimizing the free energy and a lattice s
of (30/a)3 seems to produce the required accuracy. So
results are shown in Figs. 1 and 2. Details of our calculati
are presented elsewhere@22#.

DISCUSSION OF RESULTS AND CONCLUSIONS

In Fig. 1 the phase diagram is given as a function ofD
anda at zero temperature. The well-knownB-F transition at
a51.73@21,20,16# is indicated, although even forD as small
as 0.001 there are already preferred orientations. Fora.4
the dipole effect is so weak that the various orientations
theF lattice are practically degenerate withD,0.01, beyond
-
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which the phase diagram becomes more complex. As
lattices become increasingly deformed by the dipole inter
tion, it becomes necessary to label theB110 lattice asRh2,
F110 asR2, F111 asT3, and so on. ForRh2, the effect of
deformation on the aspect ratios never exceeds a few per
For R2 the effect can be large. For example, fora52,
(gi ,g') is ~0.697, 1.04! atD50.02 and it is~0.607,1.30! at
D50.1. There is a narrow strip in the upper-right corner
the phase diagram whereT3 is stable and whereT2 is al-
most degenerate withT3 ~energies are within one part i
105) and a larger strip whereT3 is almost degenerate wit
R2. When uncertainties or distributions in the values of t
parameters of the system are taken into account, one exp
theR2, T2, andT3 to co-exist in the general area.

The phase diagram is dominated byR2 andT1 above the
line D'20.02410.054a. WhenD is greater than the criti-
cal value given byDc520.86110.111a10.0128a2, indi-
cated by theR2→T1 transition line in Fig. 1,gi for R2
takes the critical valueA1/3 ~at this value the 2D projection
of R2 andT1 are identical! andR2 andT1 simultaneously
collapse vertically to become the same 2D hexagonal lat
within our model, where the dust particles are represented
points. In practice, two particles are strongly repulsed by
unscreened Coulomb force when they are separated by
than one Debye length. Therefore, when a lattice vertica
collapses in our model, we take it to indicate that the act
vertical separation of the horizontal two-dimensional sub
tice is about one Debye length, regardless of the value
a. We call this a ‘‘collapsed’’T1 state; it occupies the
upper-left-hand corner of Fig. 1. The critical value for ver
cal aspect ratio isg''2.17720.112a.

These features are not changed much at finite temp
ture. In all cases the solid to liquid curve is approximate
given by the lineT*'0.04a20.03, whereT*5kT/V(a) is
a universal dimensionless scaled temperature.

In experiments certain parameters such as the rf power
varied, while others are kept fixed. In particular the du
particle temperature is fixed atT5Ti5300 K. To roughly
simulate a laboratory setting, we takeVD5231011 cm3 and
let ne0[ne/10

9 cm23 and np0[nP/10
5 cm23 range from

0.2 to 20 and 0.1 to 10, respectively. ThenD'0.02ne0 ,
l0'(2/ne0)

1/2, a'1.52ne0
1/2nP0

21/3, and the dimensionles
temperatureT*'4.3131024nP0

21/3ea. The calculated phase
diagram is shown in Fig. 2 in a lognPlogne plot. No result is

FIG. 1. Phase diagram as a function of the dipole parameterD and
lattice spacinga at zero temperature.
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given fora,1, where the model is not reliable.
The melting line is approximately given byTm*50.2. In

terms of the dimensionless coupling streng
G5Q2V(r 0 /l)/4pe0r 0kT, where r 05(3/4pnP)

1/3 is the
Wigner-Seitz radius of the dust particles, the melting te
perature corresponds to a strength ofGm'70610, similar to
the value'67 obtained in@20# for colloidal suspensions. In
a typical experiment@1#, nP is fixed andne is varied indi-
rectly by varying the rf power. The phase diagram indica
that turning up the rf power, which will causene to increase,
will eventually cause melting. This seems to agree with
periment@1#. Note that even asT is kept unchanged, increas
ing ne increasesl and consequentlyT* . The phase diagram
in the regionnP<0.5 is relatively complex, with four lattice
occupying five domains. Whereas transitions such
R2→T3 are real phase transitions, changes such
B110→Rh2 andF110→R2 are crossovers. Strictly spea
ing, there is a second-order phase transition wheneverF bi-
furcates to two orientedF-type lattices. As complex as it ha
made the phase diagram in this region, the dipole interac
changes the aspect ratio from itsD50 value by less than
4%. In the domain marked byT2* , T2 has the second lowes
energy, but its energy is greater than the energies of
stable phases by less than a few parts in 105. In fact, in this
region the energies ofRh2, R2, T3, andT2 are all within a
fraction 1024 of each other. Given that the experimental v

FIG. 2. Phase diagram as a function of electron and particle densitie
VD5231011 cm3 or D'0.02ne/10

9 cm23. Temperature is fixed at room
temperature and dashed lines are lines of constant lattice spacing.
-

s
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s
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ues ofne and nP have a non-negligible spread, we expe
these phases to coexist in a typical experimental setting.

The region 0.5>nP>6 is dominated byR2, whose en-
ergy is lower than those ofT2 andT3 by more than 0.03%
when nP.2. Here R2 typically has aspect ratio
(0.58>gi>0.68, 1.1<g'<1.5) that renders it no longer rec
ognizable as a deformation ofF110. The upper-right-hand
corner of the phase diagram is occupied by the collap
T1 state explained earlier, which typically hasg'>1.7. In
comparison, our computation shows that a quasi-2D lat
of several layers~not surprisingly! may have an uncollapse
stableT1 structure. In particular, with five layers, the pha
diagram in the region 2<a<4 is occupied byT1 with
1.5>g'>1.2 and in the region 4,a<6 has two phases
R2 below the lineD'0.61620.271/(a23.6) andT1 above
and along which 1.2>g'>1.6 for T1.

In summary, our study suggests that the induced elec
dipole interaction, whose strength is a rapidly increas
function of the dust particle size, can explain the crystall
phases of the dusty plasma seen in experiments. The p
ence of the dipole interaction is first manifest in the prefer
orientation of the cubic lattices. At intermediate dipo
strength, the triangular latticesT3 andT2 ~deformedF111
and hcp, respectively! begin to coexist with the preferre
cubic latticeR2 (F110). At higher dipole strength the vert
cally collapsed hexagonalT1 is the stable phase. The que
tion remains as to whether gravity or the drag force is mai
responsible for the dipole-dipole interaction. At the mome
this question cannot be clearly resolved experimentally
cause in all the experiments reported so far the direction
gravity coincides with that of the ion stream. It seems tha
an experiment in which the chamber holding the plasma
tilted, thereby making the directions of the two forces diffe
ent, one would be able to disentangle the effects of the
forces.
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